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Proposing smooth initial conditions is one of the most important tasks in quantum cosmology.
On the other hand, the low-energy effective action, appearing in the semiclassical path integral,
can get nontrivial quantum corrections near classical singularities due to specific quantum gravity
proposals. In this article, we combine the well-known no-boundary proposal for the wavefunction of
the universe with quantummodifications coming from loop quantum cosmology (LQC). Remarkably,
we find that the restriction of a ‘slow-roll’ type potential in the original Hartle-Hawking proposal
is considerably relaxed due to quantum geometry regularizations. Interestingly, the same effects
responsible for singularity-resolution in LQC also end up expanding the allowed space of smooth
initial conditions leading to an inflationary universe.
Motivation.– Any theory of quantum cosmology must
provide dynamical equations for the wavefunction of the
universe as well as suitable boundary conditions for it.
A well-known example for such a boundary condition is
due to Hartle and Hawking (HH) [1]
ΨHH[hab, χ] :=
∫ (h,χ)
D[g]D[ϕ] e−SE[g,ϕ]/~ . (1)
HH defines an initial state for the universe such that the
path integral is over Euclidean 4-metrics bounded only
by the 3-metric, h, and the value of matter field on this
hypersurface, χ. Traditionally, the weighting factor is
given by (Euclidean) Einstein gravity, coupled to matter
fields ϕ.
Loop quantum cosmology (LQC), on the other hand,
is the application of quantization techniques from loop
quantum gravity (LQG) to minisuperspace cosmological
settings [2]. In this setting, the low-energy effective ac-
tion is complemented by quantum geometrical corrections
[3]. Canonically, it replaces the usual Wheeler de-Witt
differential equation by a ‘difference equation’, of finite
step-size, due to a regularized Hamiltonian constraint.
Obviously, difference equations also require boundary
conditions to extract specific solutions. Thus, the ques-
tion of a suitable initial state remains important even for
LQC [4][5].
In simple models of LQC, one usually chooses a semi-
classical (nearly-Gaussian) state at late times, peaked
about some classical trajectory, and evolves it backwards
to derive a bouncing solution [6]. This does not, how-
ever, imply a deterministic bounce, as is sometimes in-
correctly assumed, since a large portion of the state
space remains unexplored. While conclusions regarding
singularity-resolution due to bounded curvatures and en-
ergy densities can be somewhat generically established in
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LQC [2], the precise mechanism, naturally, remains intri-
cately tied to the initial state one chooses. In this article,
we show that the original HH proposal, adapted to LQC,
can lead to exciting new possibilities for a non-singular
quantum completion of inflation, profoundly expanding
the range of allowed initial values for the scalar field.
Our starting point will be the path integral formulation
of LQC [7–9], with paths weighted not by the Einstein-
Hilbert (EH) action, but a different one due to quantum
geometry effects [10]. However, in the (relatively) low-
energy limit, below O(10−3) Planck density, this action
reduces to the standard EH one very rapidly [6]. Re-
quiring a no-boundary like wavefunction results in two
main findings for this scenario. Firstly, this provides
a (topological) principle of setting initial conditions in
LQC which would become important in avoiding ad hoc
choices while dealing with, say, cosmological perturba-
tions. More importantly, the LQC ‘effective’ action, ap-
pearing in the no-boundary wavefunction, leads to finite
probabilities for Lorentzian histories corresponding to an
extended parameter space for inflation, due to novel in-
stantonic solutions which were non-existent in the EH
case.
Formalism.– In this article, we shall follow the origi-
nal HH proposal (with the prescribed contour [11, 12]),
albeit corresponding to the LQC ‘effective’ action and
not the EH one, explicitly demonstrating the existence of
new saddle-points which are different from the HH solu-
tion. Recently, it has been shown [13] that the Lorentzian
path integral in EH quantum cosmology, analyzed using
Picard-Lefshetz theory, does not have the any contribu-
tion from the Euclidean saddle points proposed by HH
(for a different perspective, see [14]). Although, in this
work, we shall not work with the Lorentzian path inte-
gral, this can easily be done for LQC and shall be pursued
in future work.
On the LQC side, a technical gap we fill is to include
non-perturbative expressions for ‘inverse-triad’ modifica-
tions in the effective action appearing in the path inte-
gral. Previously, ‘holonomy modifications’ were taken
2into account since they are primarily responsible for
weighting the paths in a way so as to achieve singu-
larity resolution [8]. However, we shall show that the
inverse-triad corrections are essential for having well-
defined (Euclidean) instantons, for a no-boundary like
wavefunction, near a → 0. Rather remarkably, we find
that due to these corrections, there exists solutions in
scenarios where there were no well-defined instantons in
the EH case, beyond the pure de-Sitter (dS) case.
The system under investigation is the closed FLRW
cosmology ds2 = −N2(t)dt2 + a2dΩ2, with Ω being the
metric on a unit 3-sphere. For the k = 1 case, inverse-
triad corrections are particularly relevant and provide
significant modifications to LQC dynamics [15]. For the
matter contribution (generically denoted by ϕ), we shall
first choose to have only a positive cosmological constant
Λ, and later a free scalar field φ. From now on, we shall
use the convention that ~ = c = G = 1.
Our no-boundary proposal for LQC (LQCNB) is given
by
ΨLQCNB =
∫
dN
∫
DaDϕe−SLQCE [a(τ),ϕ(τ)] , (2)
with the (Euclidean) LQC effective action, in its phase
space version (HLQC being the LQC Hamiltonian con-
straint), written as
SLQCE =
∫ 1
0
dηLE =
∫
dη
(
paa˙−NHLQCE
)
. (3)
One typically chooses the Euclidean time parameter to
run from 0 to 1. However, following [16], we can intro-
duce a parameter τ(η) :=
∫ η
0
dη′N(η′), such that one
takes the integral over (complex) τ to go from τi to some
τf . This is equivalent to choosing the proper time gauge
by setting N = 1.
Since HLQCE is zero on-shell, and the canonically con-
jugate momentum of the scale factor a is given by pa =
−3piaa˙/2 [17], we can rewrite the action (on-shell) as
SLQCE = −
3pi
2
∫
aa˙2dτ = −3pi
2
∫ a˜
0
a
√
|V(a)|da, (4)
where a˙2 = −V(a). Note that this type of an equation,
denoting a real Euclidean instanton as opposed to ‘fuzzy’
complex instantons [16, 18, 19], can be obtained only for
the specific choices of matter we make in this article –
pure dS and a massless scalar field. In this form, the
LQCNB can be written in the steepest descent approxi-
mation as
ΨLQCNB ∼ e−S
LQC
E
[a˜,ϕ˜], (5)
where a˜ = a(τf )[20]. By considering the effective Fried-
mann equation for such a model, one can calculate the
V(a) required to completely evaluate this state.
Pure de Sitter.– Following [21], we can write the ef-
fective Friedmann equation (in N = 1 gauge) for k = 1
LQC as
−a˙2 = V := 8pia
2
3
f2(a)
[
ρ
f(a)
− ρ1
] [
ρ2 − ρf(a)
ρc
]
, (6)
where
f(a) :=
1
2
∣∣|v(a)− 1| − |v(a) + 1|∣∣ , (7)
ρ1 := −ρc
[
sin2(
√
∆/a)− (1 + γ2) ∆
a2
]
, (8)
ρ2 := ρc
[
cos2(
√
∆/a) + (1 + γ2)
∆
a2
]
, (9)
ρ :=
Λ
8pi
, (10)
with the LQC critical density ρc =
3
8piγ2∆ and area-gap
∆ = 2
√
3piγl2Pl, γ being the Immirzi parameter. The
dimensionless volume parameter v(a) is related to the
scale factor through the relation
v(a) =
(
6
8piγl2Pl
× (2pi2)2/3
)
a3 . (11)
It is sufficient to consider the (LQC) Friedmann equa-
tion in this case since the Raychaudhuri equation can be
derived from it via a derivative with respect to τ . There
are two regions in which the behaviour of this equation
is of interest to us. One of them is when we are near
the a ≈ 0 case. Note that one never reaches this limit
in the Lorentzian regime, and one concludes there is a
bounce considering only Lorentzian histories. However,
in order to investigate whether there is a well-defined,
non-singular instantonic solution to the Euclidean equa-
tions of motion, one needs to examine this limit. For
a ≪ 1, f(a) ∼ a3 whereas for a ≫ 1, f(a) = 1. Thus,
in the (relatively) large volume limit, we get the usual
holonomy-modified LQC Friedmann equation, whereas
in the other limit, the inverse-triad corrections play a
crucial role to make the instanton non-singular.
The integral defined in Eqns. (2, 4), together with
Eqn. (6), is taken over a class of paths satisfying the final
condition a(ηf ) = a˜ and the initial condition a(τi) = 0.
For the HH initial state with the EH action, one fur-
ther gets that a˙(τi) = 1 from the Hamiltonian constraint.
However, in our case of LQCNB, such an instanton does
not exist. If we still want to choose a(τi) = 0 (since we
wish to have a ‘regular closed-off geometry’), we get from
(6) that a˙ = 0 as well. Thus, we see that not only are the
‘inverse-triad’ corrections, manifested by the functions
f(a) [22], crucial for a non-singular instanton in this case,
but also they lead to a geometrically (quantitatively) dif-
ferent solution from the HH one (left of Fig. 1).
The structure of the effective potential, V , is too com-
plicated due to LQC corrections to evaluate these path
integrals analytically, even in the saddle point approxi-
mation. Instead, we go on to integrate this numerically,
and express the Euclidean (LQC) action as
−2SLQCE ≃
A
4
+ c+ d logA+ . . . , (12)
where A = 4pia˜2 (right of Fig. 1). Expressing the semi-
classical factor in the quantum mechanical amplitude as
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FIG. 1. Left: a typical solution a(τ ) for Λ = 1 and lPl = 0.1. The red dashed curve is the Einstein gravity case with the same
a˜. Right: −2SE −A/4 versus logA. This shows Eqn. (12).
0.1 0.2 0.3 0.4 0.5
a
0.5
1.0
1.5
2.0
2.5
3.0
3.5
FIG. 2. Left: the left hand side of Eqns. (22, 23) (black) and the right hand side of Eqn. (22) (blue dashed) and Eqn. (23) (red
dashed) for lPl = 0.1 and φ˙0 = 10
5. This shows four zeros of V in Eqn. (14). Right: a conceptual interpretation of V.
above, the nucleation probability is
P ≃ e−2SLQCE . (13)
The comparison of this probability with the original HH
state, with the EH action, reveals additional corrections,
with LQC-dependent parameters c and d (more details on
numerical calculations in [23]). Assuming that the other
constants of nature (such as γ) stay the same, then c
can be absorbed away with a change in the normalization
whereas the true corrections to the EH result comes from
the presence of a positive d. This shows that, in LQC,
one has a greater probability to have a nucleating dS
space. However, similar corrections might also appear
from next-to-leading order calculations of the decay rate
and, perhaps, the only unambiguous conclusion is that
corrections from LQC is small in this case.
Free scalar field.– Having shown that there exists a
(different) instantonic solution for the well-studied (k =
1) dS universe for LQC, we now go on to find Euclidean
instantons for matter given by a massless scalar field. For
the EH action, there exists no such instantonic solutions
for the no-boundary wavefunction (in the absence of any
scalar-field potential). But the situation is qualitatively
different for LQC due to modifications to the equation
of motion of the scalar field. Once again, we first write
down the effective Friedmann equation for the system as
a˙2 = −V(a), with
V = 8piG
3
a2f2(a)
[
a6pi
4
√
3γ3l6Pl
(
ρ
ρc
)(
g(a)
f(a)
)
− ρ1
][
1
ρc
(
ρ2 − a
6pi
4
√
3γ3l6Pl
(
ρ
ρc
)(
g(a)
f(a)
))]
, (14)
where
g(a) :=
27
8
∣∣|v(a) + 1|1/3 − |v(a)− 1|1/3∣∣3, (15)
ρ :=
p2φ
(2pi2)
2
a6
. (16)
However, in this case, the usual relation between the mo-
4menta of the scalar field and its time derivative is also
modified as follows
pφ =
(
8piγl2Pl
6
)3/2
B−1(a)φ˙ (17)
where
B(a) =
2pi2√
3
(
8
27
)(
6
8piγlPl
)3/2
a3g(a) . (18)
These inverse-triad corrections (f(a), g(a), B(a)) ensure
a modification to the scalar-field equation as well
φ¨−
(
B˙(a)
B(a)
)
φ˙ = 0 , (19)
with the general solution given by φ˙ = φ˙0B, with con-
stant φ˙0. Using these two equations, one can derive the
Raychaudhuri equation as in GR, albeit the form of it
gets modified due to LQG corrections.
Looking at the asymptotic behaviour of the function
g(a) defined above, it is straightforward to show that in
the large volume limit, one gets that B ∼ 1/a3, thereby
leading to the usual scalar-field equation
φ¨+ 3Hφ˙ = 0 , (20)
where H := a˙/a is the Hubble parameter. In this case,
we get the classical solution, φ˙ ∼ 1/a3. On the other
hand, when a ≪ 1, we find that the effects of inverse-
triad corrections kick in, setting up an anti-friction term
(with an opposite sign), leading to a “superinflationary”
era. In this case, the equation is of the form
φ¨− 12Hφ˙ = 0 , (21)
leading to the solution φ˙ ∼ a12 in this regime. This is
crucial for our purposes of getting a well-defined, non-
singular instanton in this case as well, thanks to these
additional factors of the scale factor coming from the
inverse-triad terms. As the scale factor approaches zero,
we find the regular instantonic solution at (a = 0, a˙ = 0)
like in the dS case. Unlike in the EH theory, we thus get a
new instantonic solution for the LQC no-boundary wave-
function for a free inflaton field, thereby not requiring an
inflationary ‘slow-roll’ type potential term any longer for
a smooth beginning in the deep quantum regime.
We have not said anything thus far regarding the ini-
tial conditions for the scalar field corresponding to our
LQCNB state. For the original HH proposal, in the
EH case, one requires the condition such that φ˙ → 0
as a→ 0, for well-behaved instantons (in the presence of
some scalar potential). However, in this LQCNB case, we
are free to choose any value for φ˙0. There are, of course,
other reasonable restrictions which have to imposed such
as having a pφ ≫ ~, so that the state remains semiclas-
sical at late times. This condition is important for both
the validity of the effective Friedmann equation in LQC
as well as our saddle point approximation, and has been
enforced in our numerical investigations.
From the numerical solutions, it is possible to observe
that the V(a) has zeros if a(τ) satisfies one of two equa-
tions:
4
27
√
3
φ˙20
ρ2c
g(a)
f(a)
= − sin2
(√
∆
a
)
+ (1 + γ2)
∆
a2
, (22)
4
27
√
3
φ˙20
ρ2c
g(a)
f(a)
= cos2
(√
∆
a
)
+ (1 + γ2)
∆
a2
. . (23)
On examining typical shapes, we see that there are four
zeros in general, say 0 < a
(2)
min < a
(2)
max < a
(1)
min < a
(1)
max
(left of Fig. 2).
The usual interpretation in LQC for such models is
that the universe oscillates between a
(1)
min and a
(1)
max, two
quantum bounces resolving the big bang and the big
crunch singularities [21]. One does not consider oscil-
lations between a
(2)
min and a
(2)
max since this region is usu-
ally assumed to be ‘forbidden’ in LQC, if one considers
only Lorentzian histories. However, now considering Eu-
clidean trajectories, we get two possible scenarios (right
of Fig. 2):
1. The universe with size a
(2)
min is created from nothing.
It begins oscillations between a
(2)
min and a
(2)
max. At
a certain time, the universe tunnels from a
(2)
max to
a
(1)
min. Eventually, it begins the second oscillation
between a
(1)
min and a
(1)
max, as is usually expected in
LQC.
2. Two universes with size a
(1)
min are created from noth-
ing via an Euclidean wormhole [24, 25] which starts
from a
(1)
min, decreases to a
(2)
max, and bounces back to
a
(1)
min via (real) Euclidean time.
Conclusion.– One finds that LQC has a small contri-
bution in the dS case while a substantially new result for
the free scalar field. This is because in the former case, al-
ready in EH theory, there exists a potential barrier with
a well-defined Euclidean instanton. Thus, LQC simply
modifies the limits of this potential barrier for the uni-
verse to nucleate out of and results in a small correction
to the EH result. In the free scalar field case, there exists
no solutions to the (complex) equations of motion within
the no-boundary proposal, for the EH case. However,
for the LQCNB state, there exists a well-defined (real)
Euclidean instanton even in the massless inflaton case,
which corresponds to finite probabilities for a universe
nucleating from nothing, or via a Euclidean wormhole.
The original no-boundary wavefunction was an at-
tempt to formulate initial conditions for inflation as a
topological principle; therefore, being applicable to a va-
riety of fundamental quantum gravity approaches. In this
article, we show that such a ‘natural’ initial condition [1],
complemented by nonlocal (on the Planck scale) quan-
tum geometry regularizations, result in a non-singular
quantum gravity extension for inflation which is far more
5general than the original proposal. We find that there
is an expanded range of initial conditions for the (mo-
menta of the) inflaton field, allowing for a much larger
class of potentials for setting up inflation. We study two
extreme cases – pure dS and a massless inflaton field,
with the latter being an example of new solutions for the
no-boundary wavefunction in LQC, having well-defined
Euclidean saddle-points where the EH theory did not.
This opens up possibilities for a wide range of initial val-
ues, within the no-boundary proposal, leading to infla-
tion due to necessary (loop) quantum gravity corrections
to the EH action in deep quantum regimes. In other
words, LQC corrections to the no-boundary proposal re-
sult in removing restrictions on the shape of the potential
required for starting inflation, such as having a false vac-
uum.
On the LQC side, these type of proposals give us a
new principle for choosing an initial state as well as a
different way to understand singularity-resolution. For
instance, the universe could have been created from noth-
ing in LQC, in addition to the usual bounce paradigm,
with a natural interpretation of this as a superposition of
histories with different probabilities. Moreover, the no-
boundary state uncovers new physical phenomenon in the
Planckian era, such as the (Lorentzian) region between
a
(2)
min and a
(2)
max in the free scalar field case. In this case,
one can even consider scenarios with two arrows of time
leading to rich possibilities for quantum cosmology. As
we have shown, such a choice for smooth initial condi-
tions is consistent with the conclusions for LQC back-
ground evolution at times soon after the ‘creation’ of the
universe, both in the dS and the free scalar field case.
Given this principle for choosing the initial state, one
can perhaps distinguish between the different interpre-
tations mentioned above by going beyond homogeneous
minisuperspace backgrounds, which we set aside for fu-
ture investigation.
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